Chapter 3

VECTOR CALCULUS

No man really becomes a fool until he stops asking questions.
—CHARLES P. STEINMETZ

3.1 INTRODUCTION

Chapter 1 is mainly on vector addition, subtraction, and multiplication in Cartesian coordi-
nates, and Chapter 2 extends all these to other coordinate systems. This chapter deals with
vector calculus—integration and differentiation of vectors.

The concepts introduced in this chapter provide a convenient language for expressing
certain fundamental ideas in electromagnetics or mathematics in general. A student may
feel uneasy about these concepts at first—not seeing “what good” they are. Such a student
is advised to concentrate simply on learning the mathematical techniques and to wait for
their applications in subsequent chapters.

3.2 DIFFERENTIAL LENGTH, AREA, AND VOLUME

Differential elements in length, area, and volume are useful in vector calculus. They are
defined in the Cartesian, cylindrical, and spherical coordinate systems.

A. Cartesian Coordinates

From Figure 3.1, we notice that

(1) Differential displacement is given by

dl = dxa, + dya, + dza, 3.1
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z Figure 3.1 Differential elements in the
right-handed Cartesian coordinate system.
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(2) Differential normal area is given by
dS = dydza,
dx dz a, (3.2)
dzdya,
and illustrated in Figure 3.2.
(3) Differential volume is given by
dv = dxdydz (3.3)

(a) (b) ©)

Figure 3.2 Differential normal areas in Cartesian coordinates:
(a)dS = dydza,, (b)dS = dxdza, (c)dS = dxdya,




3.2 DIFFERENTIAL LENGTH, AREA, ANDVOLUME @ 55

These differential elements are very important as they will be referred to again and
again throughout the book. The student is encouraged not to memorize them, however, but
to learn to derive them from Figure 3.1. Notice from egs. (3.1) to (3.3) that dl and dS are
vectors whereas dv is a scalar. Observe from Figure 3.1 that if we move from point P to Q
(or Q to P), for example, dl = dy a, because we are moving in the y-direction and if we
move from Q to S (or S to 0), dl = dy a, + dz a, because we have to move dy along y, dz
along z, and dx = 0 (no movement along x). Similarly, to move from D to Q would mean
thatdl = dxa, + dya, + dza,.

The way dS is defined is important. The differential surface (or area) element dS may
generally be defined as

dS = dSa, (3.4)

where dS is the area of the surface element and a,, is a unit vector normal to the surface dS
(and directed away from the volume if dS is part of the surface describing a volume). If we
consider surface ABCD in Figure 3.1, for example, dS = dy dz a, whereas for surface
PQRS, dS = —dy dz a, because a, = —a, is normal to PQRS.

What we have to remember at all times about differential elements is d1 and how to
get dS and dv from it. Once d1 is remembered, dS and dv can easily be found. For example,
dS along a, can be obtained from 41 in eq. (3.1) by multiplying the components of d1 along
a, and a,; that is, dy dz a,. Similarly, dS along a, is the product of the components of &l
along a, and a,; that is dx dy a,. Also, dv can be obtained from d| as the product of the three
components of d1; that is, dx dy dz. The idea developed here for Cartesian coordinates will
now be extended to other coordinate systems.

B. Cylindrical Coordinates

Notice from Figure 3.3 that in cylindrical coordinates, differential elements can be found
as follows:

(1) Differential displacement is given by

dl=dpa, + pdpa, + dza, (3.5)

(2) Differential normal area is given by

dS =pdddza,
dp dz ay (3.6)
pdddpa,

and illustrated in Figure 3.4,
(3) Differential volume is given by

dv = pdp do dz 3.7
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z Figure 3.3 Differential elements in
dp cylindrical coordinates.
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As mentioned in the previous section on Cartesian coordinates, we only need to re-
member dl; dS and dv can easily be obtained from dl. For example, dS along a, is the
product of the components of d1 along a, and a; that is, dp p d¢ a,. Also dv is the product
of the three components of dl; that is, dp p d¢ dz.

C. Spherical Coordinates

From Figure 3.5, we notice that in spherical coordinates,

(1) The differential displacement is

dl =dra, + rdfa, + rsin 0 dé a, (3.8)

X

Figure 3.4 Differential normal areas in cylindrical coordinates:
(@) dS =pdpdza, (b)dS = dpdza,, (¢)dS = pddpa,
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z Figure 3.5 Differential elements
in the spherical coordinate system.

pd¢ = r sin 6 d¢

dr\ : rd9
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(2) The differential normal area is
dS = r’sinfdf do a,
rsin 6 dr do ay 3.9
rdr d0 a¢,
and illustrated in Figure 3.6.
(3) The differential volume is
dv = r*sin 0 dr df d¢ (3.10)

rsin 8d¢

(@) (b) ©

X

Figure 3.6 Differential normal areas in spherical coordinates:
(a) dS = r*sin 0 d d¢ a,, (b) dS = rsin 0 dr d¢ a,,
(©)dS = rdrdfa,
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EXAMPLE 3.1

Again, we need to remember only d1 from which dS and dv are easily obtained. For
example, dS along a, is obtained as the product of the components of dl along a, and
a,; that is, dr-rsin0dg; dv is the product of the three components of dl; that is,
dr-rdf - rsin 0 do.

Consider the object shown in Figure 3.7. Calculate

(a) The distance BC

(b) The distance CD

(¢) The surface area ABCD
(d) The surface area ABO
(e) The surface area AOFD
(f) The volume ABDCFQO

Solution:

Although points A, B, C, and D are given in Cartesian coordinates, it is obvious that the
object has cylindrical symmetry. Hence, we solve the problem in cylindrical coordinates.
The points are transformed from Cartesian to cylindrical coordinates as follows:

A(5,0,0) - A5,0°,0)

B(0, 5, 0) — B<5, g o)

C(0, 5, 10) — c(s, g 10)

D(5,0,10) = DG, 0°, 10)

Figure 3.7 For Example 3.1.
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(a) Along BC, dl = dz; hence,
10
BC = Jdlz f dz =10
0
(b) Along CD, dl = pd¢ and p = 5, so

/2
=257

w2
CD=J pdp=5¢
[

0

(¢) For ABCD, dS = p d¢ dz, p = 5. Hence,

= 25«

/2 10 /2 10
area ABCD = JdSZ J J pd¢dz=5j quJ dz
=0 "z=0 0 0

0 p=3

(d) For ABO, dS = pd¢ dpand z = 0, so
w2 5 2 5
area ABO = J J pdodp = J do J pdp = 6257
=0 Jp=0 0 ()
(e) For AOFD, dS = dp dzand ¢ = 0°, so

5 10
area AOFD = j J dp dz = 50
p=0 "z=0

(f) For volume ABDCFO, dv = p d¢ dz dp. Hence,

5 ra2 10 10 o) 5
v=Jdv=j f J pqudzdp:f dzf dqﬁf pdp = 62.57
=0 “¢=0 ‘=0 0 0 0

I

PRACTICE EXERCISE 3.1

Refer to Figure 3.26; disregard the differential lengths and imagine that the object is
part of -a spherical shell. Tt may be described as 3 =r=35, 60° <6 =90°,
45° = ¢ = 60° where surface » = 3 is the same as AEHD, surface § = 60° is AEFB,
and surface ¢ = 45° is ABCD. Calculate

(a) The distance DH

(b) The distance FG

(¢) The surface area AEHD
(d) The surface area ABDC
(e) The volume of the object

Answer: (a) 0.7854, (b) 2.618, (¢) 1.179, (d) 4.189, (e) 4.276.
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3.3 LINE, SURFACE, AND VOLUME INTEGRALS

The familiar concept of integration will now be extended to cases when the integrand in-
volves a vector. By a line we mean the path along a curve in space. We shall use terms such
as line, curve, and contour interchangeably.

Given a vector field A and a curve L, we define the integral

b
fA-dl = J |A| cos 0 di (3.1D)
L

a

as the line integral of A around L (see Figure 3.8). If the path of integration is a closed
curve such as abca in Figure 3.8, eq. (3.11) becomes a closed contour integral

f A-dl (3.12)
L

which is called the circulation of A around L.
Given a vector field A, continuous in a region containing the smooth surface S, we
define the surface integral or the flux of A through S (see Figure 3.9) as

¥ = J |A| cos 6dS = JA-andS
s s

or simply

14 A-dS (3.13)

It
S

Figure 3.8 Path of integration of vector field A.




EXAMPLE 3.2
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Figure 3.9 The flux of a vector field A
through surface S.

surface S~

where, at any point on S, a, is the unit normal to S. For a closed surface (defining a
volume), eq. (3.13) becomes

Y= f A-dS (3.14)
s

which is referred to as the net outward flux of A from S. Notice that a closed path defines
an open surface whereas a closed surface defines a volume (see Figures 3.11 and 3.16).
We define the integral

j o, dv (3.15)

v

as the volume integral of the scalar p, over the volume v. The physical meaning of a line,
surface, or volume integral depends on the nature of the physical quantity represented by
A or p,. Note that d1, dS, and dv are all as defined in Section 3.2.

Given that F = xzax — xza, — yzaz, calculate the circulation of F around the (closed) path
shown in Figure 3.10.

Solution:
The circulation of F around path L is given by

fra-(- [+ [+ Dra

where the path is broken into segments numbered 1 to 4 as shown in Figure 3.10.
For segment 1,y =0 =¢

F = x’a,, dl = dxa,

Notice that d1 is always taken as along +a, so that the direction on segment 1 is taken care
of by the limits of integration. Thus,

0 x3
JF'd1=Jx2dx=—
1 1 3

0 1
. 3
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z Figure 3.10 For Example 3.2.

For segment2,x =0 =2 F = —yzaz, dl =dya, F - dl = 0. Hence,
j F-dl=0
2

For segment 3,y = 1,F = xzax —xza, — a,and dl = dxa, + dza; so
JF-dl= J(xzdx—dz)
3
But on 3, 7z = x; that is, dx = dz. Hence,

1 3 1
2
fF-dl=f(x2—1)dx=x~—x -z
) A 3 3

0

For segment4, x = 1,s0F = a, — za, — yzaz, and dl = dy a, + dz a,. Hence,
JF-dI = J (—zdy — y’dz)
4

Buton 4, 7 = y; that is, dz = dy, s0

[o WA}

0
fF'm:f -y =P)dy =~ =2 =
4 1

By putting all these together, we obtain
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y Figure 3.11 For Practice Exercise 3.2.

60°

A\
|
o

PRACTICE EXERCISE . 3.2

Calculate the circulation of
A=pcosda, + zsinda,

around the edge L of the wedge defined by 0 =p =2, 0=¢=60° z=0and
shown in Figure 3.11.

Answer: 1.

3.4 DEL OPERATOR

The del operator, written V, is the vector differential operator. In Cartesian coordinates,

d d
a,+—a,+—a, (3.16)

V=— N
ax ay 9z

This vector differential operator, otherwise known as the gradient operator, is not a vector
in itself, but when it operates on a scalar function, for example, a vector ensues. The oper-
ator is useful in defining

1. The gradient of a scalar V, written.as VV

2. The divergence of a vector A, written as V- A
3. The curl of a vector A, written as V X A

4. The Laplacian of a scalar V, written as Vv

Each of these will be defined in detail in the subsequent sections. Before we do that, it
is appropriate to obtain expressions for the del operator V in cylindrical and spherical

coordinates. This is easily done by using the transformation formulas of Section 2.3
and 2.4,




d
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To obtain V in terms of p, ¢, and z, we recall from eq. (2.7) that!

p=\/x2+y2, tan¢=%

Hence
d ad sin¢g 9
— =Cos¢p— — - 3.17
dx ¢ ap p 09 ( )
d cos ¢ 9
— = — + — 3.18
Gy Snes o 96 (3.18)

Substituting eqs. (3.17) and (3.18) into eq. (3.16) and making use of eq. (2.9), we obtain V
in cylindrical coordinates as

d 1 d ]

V=a, b, o ta (3.19)

Similarly, to obtain V in terms of r, 6, and ¢, we use

2

2
X~ +
r=Vx+y + 4, tan0:-—z—y, tan¢=§

to obtain
i] d i 0
_=Sin9cos¢_+cosﬁcos¢>i_sm¢>~_ (3.20)
dx ar r a0 p 9o
] d cos 8 si d cos¢ 9
<~ §infsing— + simé 9 ¢ 9 321
ay ar r a0 p 99
0 0 ing 9
B Ry (3.22)
Jz or r 90

Substituting eqgs. (3.20) to (3.22) into eq. (3.16) and using eq. (2.23) results in V in spheri-
cal coordinates:

da . 1o | O

R _ + —
ar r o6 s rsinf d¢ (3.23)

Notice that in egs. (3.19) and (3.23), the unit vectors are placed to the right of the differen-
tial operators because the unit vectors depend on the angles.

'A more general way of deriving V, V- A, V X A, VV, and V¥Vis using the curvilinear coordinates.
See, for example, M. R. Spiegel, Vector Analysis and an Introduction to Tensor Analysis. New York:
McGraw-Hill, 1959, pp. 135-165.
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3.5 GRADIENT OF A SCALAR

A mathematical expression for the gradient can be obtained by evaluating the difference in
the field 4V between points P; and P, of Figure 3.12 where V;, V,, and V; are contours on
which V is constant. From calculus,

v 9 Vv
dV=—dx+—de+—dz
ax dy 9z (3.24)
<8Va +6Va +6V )(dxa +dya, + dza,) .
=|— — —a, |- " ,
ax X gy g™ Vay T 629,
For convenience, let
;A% 2% aVv
G=——a +—a +_—a 3.25)
ox dy d
Then
dV=G-dl = Gcosbdl
(3.26)

Figure 3.12 Gradient of a scalar.
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where dlis the differential displacement from P, to P, and 6 is the angle between G and dl.
From eq. (3.26), we notice that dV/dl is a maximum when § = 0, that is, when dl is in the
direction of G. Hence,

vy _dv_

== 3.27
dl | dn (3:27)

where dV/dn is the normal derivative. Thus G has its magnitude and direction as those of
the maximum rate of change of V. By definition, G is the gradient of V. Therefore:
v Vv aVv
gradV=VV=-—a, +—_——a, +_—a, (3.28)
Ix ay 0z
By using eq. (3.28) in conjunction with eqgs. (3.16), (3.19), and (3.23), the gradient of
V can be expressed in Cartesian, cylindrical, and spherical coordinates. For Cartesian co-

ordinates
1% aV 2%
VW=-—a +—a +—a
0x dy dz
for cylindrical coordinates,
Vv—ﬂ/a +lﬂ/a +_a_va (329)
dp ° pag ® 9z * '
and for spherical coordinates,
v av 10V 1 av (330)
=—a,+———a ——a .
ar r o’ rsing 0o ¢

The following computation formulas on gradient, which are easily proved, should be

noted:

(@ V(V+U)=VV+ VU (3.31a)

(b)  V(VU) = VVU + UVV (3.31b)

© VF} _UW-VvWw - (3.310)
U U?

(d) vv" = nv" vy (3.31d)

where U and V are scalars and n is an integer.
Also take note of the following fundamental properties of the gradient of a scalar
field v:

1. The magnitude of VV equals the maximum rate of change in V per unit distance.

2. VV points in the direction of the maximum rate of change in V.

3. VV at any point is perpendicular to the constant V surface that passes through that
point (see points P and Q in Figure 3.12).
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4. The projection (or component) of VV in the direction of a unit vector ais VV-a
and is called the directional derivative of V along a. This is the rate of change of V
in the direction of a. For example, dV/dl in eq. (3.26) is the directional derivative of
V along PP, in Figure 3.12. Thus the gradient of a scalar function V provides us
with both the direction in which V changes most rapidly and the magnitude of the
maximum directional derivative of V.

5. If A = VV, Vis said to be the scalar potential of A.

Find the gradient of the following scalar fields:
(@) V=e%sin2xcoshy

(b) U = p°zcos 2¢

(c) W = 10rsin” 0 cos ¢

EXAMPLE 3.3

Solution:

A4 av oV
(a) VW=—a, +-—a,+ ——a,
ax dy 9z

= 2e¢ “cos2xcoshya, + ¢ ‘sin 2xsinhya, — ¢ “sin 2x cosh y a,
aU 19U au

b) VU=—a, + ——ay + a
®) dp ° P I ¢ dz ¢
= 2pzcos2¢ a, — 2pzsin2¢ a, + p%cos 2¢ a,
ow 1 W 1 oW
VW =—a, + —— —
© ar T a0 T reine ¢ A

= 10 sin® 6 cos ¢ a, + 10 sin 20 cos ¢ a; — 10 sin 0 sin ¢ a,

PRACTICE EXERCISE 3.3

Determine the gradient of the following scalar fields:
(ay U= xzy + Xy

(b) V = pzsing + 2% cos’ ¢ + p°

(c) f=coslsingplnr + r2d>

Answer:  (a) y(2x + 2a, + xx + 2)a, +xya,
2
(b) (zsing + 2p)a, + (zcos ¢ — %Sin 2¢)a, +

(psin ¢ + 2z cos’ ¢)a,
(cos 0rsm ¢ i 2r¢)a, _sinfsing

©

Inrag +

(cort b cos:¢ In r+'rcosec 6>a¢
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EXAMPLE 3.4 Given W = x%*y* + xyz, compute VW and the direction derivative dW/dl in the direction
3a, + 4a, + 12a,at (2, —1,0).

Solution: VW=—a,+—a,+_——a,
- Qo + ym, + 2y + xm, + (),
At (2, —1,0): VW = 4a, — 8a, — 2a,
Hence,
dw (.4.12) _ 44

_— = . = —_ —2 .
a = VWA= G -8 -2 Ty 13

PRACTICE EXERCISE 34

Given @ = xy + yz + xz, find gradient ¢ at point (1, 2, 3) and the directional deriv-
ative of @ at the same point in the direction toward point (3, 4, 4).

Answer: 5a, +4a, +3a,7.

. . . -y — . . L2 2 2 _
EXAMPLE 3.5 Find the angle at which line x = y = 2z intersects the ellipsoid x“ + y* + 2z° = 10.

Solution:

Let the line and the ellipsoid meet at angle y as shown in Figure 3.13. The line x = y = 2z
can be represented by

r(\) = 2\a, + 2\a, + Aa,
where A is a parameter. Where the line and the ellipsoid meet,
QN+ N+ 2% =10 A= =1

Taking A\ = 1 (for the moment), the point of intersection is (x,y, z) = (2,2, 1). At this
point, r = 2a, + 2a, + a,.

a, Figure 3.13 For Example 3.5; plane of intersection of a line
with an ellipsoid.

ellipsoid
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The surface of the ellipsoid is defined by
fx, v, 2) =x*+ y2 + 22 -10
The gradient of fis
Vf=2xa, +2ya, + 4za,

At(2,2,1), Vf=4a, + 4ay + 4a,. Hence, a unit vector normal to the ellipsoid at the point
of intersection is

Vf _ L ata ta

L V3

a,

Taking the positive sign (for the moment), the angle between a, and r is given by
a,'r 2+2+1 5

S T T NVave Vs

Hence, ¥ = 74.21°. Because we had choices of + or — for A and a,,, there are actually four
possible angles, given by sin ¢ = *5/(3 \/g).

=siny

PRACTICE EXERCISE 3.5

~ Calculate the angle between the normals to the surfaces Xy +z=3 and
xlogz — y% = —4 at the point of intersection (=1, 2, 1).

Answer:  734°.

3.6 DIVERGENCE OF A VECTOR AND DIVERGENCE
THEOREM

From Section 3.3, we have noticed that the net outflow of the flux of a vector field A from
a closed surface S is obtained from the integral ¢ A - dS. We now define the divergence of
A as the net outward flow of flux per unit volume over a closed incremental surface.

Hence,

A-dS
divA = V-A = lim *—— (3.32)

Av—0 Av
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1 1 1 1

NN
N

Figure 3.14 Ilustration of the divergence of a vector field at P; (a) positive
divergence, (b) negative divergence, (c) zero divergence.

a) ) (©)

where Av is the volume enclosed by the closed surface S in which P is located. Physically,
we may regard the divergence of the vector field A at a given point as a measure of how
much the field diverges or emanates from that point. Figure 3.14(a) shows that the diver-
gence of a vector field at point P is positive because the vector diverges (or spreads out) at
P. In Figure 3.14(b) a vector field has negative divergence (or convergence) at P, and in
Figure 3.14(c) a vector field has zero divergence at P. The divergence of a vector field can
also be viewed as simply the limit of the field’s source strength per unit volume (or source
density); it is positive at a source point in the field, and negative at a sink point, or zero
where there is neither sink nor source.

We can obtain an expression for V - A in Cartesian coordinates from the definition in
eq. (3.32). Suppose we wish to evaluate the divergence of a vector field A at point
P(%y, o» 2o); We let the point be enclosed by a differential volume as in Figure 3.15. The
surface integral in eq. (3.32) is obtained from

fas= ([« <[ <] [+ Jra an

front right top bottom

A three-dimensional Taylor series expansion of A, about P is

A, dA,
Ax(x’ Yy, Z) = Ax(xo’ Yos Zo) + (-x - xo) + (y - yo)
dx lp dy lp
9A (3.34)
+ (z — z,—| + higher-order terms
aZ P

For the front side, x = x, + dx/2 and dS = dy dz a,. Then,

dx JA
J A . dS = dy dZ ’:Ax(xoa Yo» Zo) + _x 3 .
X

2

J + higher-order terms

front P

For the back side, x = x, — dx/2, dS = dy dz(—a,). Then,

dx 04,
2 ox

f A-dS=—dvdz [Ax(xo, Vor Zo) — J + higher-order terms

back P
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z Figure 3.15 Evaluation of V-A at point
P(xo, Yo, 20)-

top side

y

Hence,

+ higher-order terms (3.35)

P

9A
J A-dS+J A-dS = ddydz—*
X

front back

By taking similar steps, we obtain

+ higher-order terms (3.36)
P

9A
J A-dS+J A-dS = drdyd:—>
y

left right

and

9A,
9z

J A-dS+J A-dS =dxdydz

top bottom

+ higher-order terms (3.37)
P

Substituting eqs. (3.35) to (3.37) into eq. (3.33) and noting that Av = dx dy dz, we get

M=<£A_x+a_fty+a_&>

3.38
0x dy daz ( )

lim
Av—0 A 1%

at P

because the higher-order terms will vanish as Av — 0. Thus, the divergence of A at point
P(x,, ¥o» o) in a Cartesian system is given by

dA, A,  0A
V-A=—+—2+—— )
ax dy oz (3.39)

Similar expressions for V- A in other coordinate systems can be obtained directly
from eq. (3.32) or by transforming eq. (3.39) into the appropriate coordinate system. In
cylindrical coordinates, substituting eqs. (2.15), (3.17), and (3.18) into eq. (3.39) yields

p 3o dz )

10
V-A=——(pA,) +
pap(pA,,)
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Substituting eqs. (2.28) and (3.20) to (3.22) into eq. (3.39), we obtain the divergence of A
in spherical coordinates as

19 19 1 9A
V-A=—=—(@4) + ———— (Agsin ) + — —2

r2 or rsin 6 96 rsinf ¢ (3:41)

Note the following properties of the divergence of a vector field:

1. It produces a scalar field (because scalar product is involved).
2. The divergence of a scalar V, div V, makes no sense.
3.3.V.A+B) =V-A+ VB

4., V-(VA)=VV-A+A-VV

From the definition of the divergence of A in eq. (3.32), it is not difficult to expect that

ng-dS=fV-Adv (3.42)

S v

This is called the divergence theorem, otherwise known as the Gauss—Ostrogradsky
theorem.

To prove the divergence theorem, subdivide volume v into a large number of small
cells. If the kth cell has volume Ay, and is bounded by surface S,

A-dS
%A-dSin#AwIS:ELvAvk (3.43)
s s, Avk

k k
x

Since the outward flux to one cell is inward to some neighboring cells, there is cancellation
on every interior surface, so the sum of the surface integrals over S,’s is the same as the
surface integrai over the surface S. Taking the limit of the right-hand side of eq. (3.43) and
incorporating eq. (3.32) gives

%A'dS=fV-Adv (3.44)
S v

which is the divergence theorem. The theorem applies to any volume v bounded by the
closed surface § such as that shown in Figure 3.16 provided that A and V - A are continu-




EXAMPLE 3.6
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Figure 3.16 Volume v enclosed by surface S.

Volume v
| Closed Surface §

e
L .

ous in the region. With a little experience, it will soon become apparent that volume inte-
grals are easier to evaluate than surface integrals. For this reason, to determine the flux of
A through a closed surface we simply find the right-hand side of eq. (3.42) instead of the
left-hand side of the equation.

Determine the divergence of these vector fields:
(@) P=x*za, +xz a,
(b) Q=psinga, + p’za, +zcospa,

1
() T=—cosfa, + rsinfcospa, + cosfa,
r

Solution:

a J d
(@ V-P=—P .+ P, +_—P,
dx dy dz

d 9 9
o (xy2) ay( ) oz (xz)

= 2xyz + x

19 1 a d
(b V-Q p(pr)Jr;—quLa—Z

T pap 96 Q.
) 9
(072) + 7= (zcos ¢)
9z

19

L9 (2sing) +
= - S1
Papp p do

= 2sin¢ + cos ¢

1 9
V-T==—(T)+
© r? ar(r ) rsin 6 a6 rsinf 9¢

10 1 ] 1 0
= — —(cos ) + ——— — (rsin* 0 + ————(cos §
r? ar(cos ) rsin § 96 (rsin” 0 cos ¢) rsinf 9¢ (cos §)

=0+ —

1
02rsin00050cos¢ +0

rsin
= 2 cos f cos ¢
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EXAMPLE 3.7

PRACTICE EXERCISE 3.6

Determine the divergence of the following vector fields and evaluate them at the
specified points.

(a) A = yza, + 4xya, + ya, at (1, —2,3)
(b) B =pzsin¢a, + 3pz% cos ¢ agat (5, /2, 1)
(c) C =2rcosfcos ¢a, + r'a,at(l, 7/6, 7/3)

Answer: (a)4x, 4, (b) (2 — 3z)zsin ¢, —1, (¢) 6 cos 8 cos ¢, 2.598.

IfG(r) = IOe_QZ(pap + a,), determine the flux of G out of the entire surface of the cylinder
p = 1,0 =< z =< 1. Confirm the result using the divergence theorem.

Solution:
If ¥ is the flux of G through the given surface, shown in Figure 3.17, then

‘P=j£G~dS=‘Pt+‘Pb+‘PS

where V,, ¥, and P, are the fluxes through the top, bottom, and sides (curved surface) of
the cylinder as in Figure 3.17.
For ¥,,z = 1,dS = p dp dé a,. Hence,

1 2% 211
P = JG-dS = J J 10¢ 2o dp dop = 10e*2(27r)%

0=0 “¢=0 0
= 10me *
z Figure 3.17 For Example 3.7.
L
\__./
B —_—
-——| o
R -
— ——
-— | —
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For ¥,, z = 0 and dS = p dp dé(—a,). Hence,

1

0

1 27 2
P, = f G-dS= J J 106% dp dé = —10(2m) >
b =0 “¢=0 2
= —10w
For ¥, p = 1,dS = p dzd¢ a,. Hence,

f

§

10m(1 — 7

e—ZZ

—2

1

¥,

0

1 27
G dsS = f j 10e™%p? dz d¢ = 10(1)*27)
2=0 “¢=0

Thus,
Y=V +¥P, +¥ =10re?— 107+ 1021 — e =0

Alternatively, since S is a closed surface, we can apply the divergence theorem:
Y= j( G-dS = j(V-G)dv
N v

But

1 0 d
pdd az
10

=———(p’10e" %) — 20e* =0
p dp

1o
V-G =——(G,) +
pap(p )

showing that G has no source. Hence,

1P=J(V-G)dv=0

v

PRACTICE EXERCISE 3.7

Determine the flux of D = p? cos” ¢ a, + zsin ¢ a, over the closed surface of the
cylinder 0 = z = 1, p = 4. Verify the divergence theorem for this case.

Answer: . 647,

3.7 CURL OF A VECTOR AND STOKES’S THEOREM

In Section 3.3, we defined the circulation of a vector field A around a closed path L as the
integral §,A - dl.
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That is,
A -dl
curlA = VX A= <lim é"—) a, (3.45)
as—0  AS max

where the area AS is bounded by the curve L and a,, is the unit vector normal to the surface
AS and is determined using the right-hand rule.

To obtain an expression for V X A from the definition in eq. (3.45), consider the dif-
ferential area in the yz-plane as in Figure 3.18. The line integral in eq. (3.45) is obtained as

j(A-dl=<J +[+J+J)A'dl (3.46)
L ab be cd da

We expand the field components in a Taylor series expansion about the center point
P(xo, ¥o» 25) as in eq. (3.34) and evaluate eq. (3.46). On side ab, dl = dya, and
Z =2, — dy2,s0

[ dz 9A, | |
f A-dl = dy | AR Yo 20) — 222 (3.47)
ab - 2 9z P

On side be, dl = dza,and y = y, + dy/2, so

dy 94,

J A-dl =dz | A(xo Yoy 20) T — (3.48)
be o 2 ay Pl ‘
On side cd, dl = dya,and z = z, + dz/2, s0
dz 0A
J A-dl = —dy [Ay(xo, Vor 2o) + 2 } (3.49)
ed 2 a9z P
z Figure 3.18 Contour used in evaluating the x-component
of V X A at point P(xg, yo, Zo)-
d c
dz [
a > b -y
dy

Because of its rotational nature, some authors use rot A instead of curl A.
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Onsside da, dl = dza andy = y, — dy/2, so

dy oA,
2 dy

f A-dl = ~dz [Az(xo, Yor Zo) ™ ] (3.50)
da P

Substituting egs. (3.47) to (3.50) into eq. (3.46) and noting that AS = dy dz, we have

AS dy 0z

AS—0

A-dl A JdA
lim %lzh___y
L

or

A, 0A,
(cutA), = — — — (3.51)
dy 0z

The y- and x-components of the curl of A can be found in the same way. We obtain

A 0A

(curl A)y = a—;‘ - a—xz- (3.523)
dA 0A

(curl A), = —= — — (3.52b)
foax dy

The definition of V X A in eq. (3.45) is independent of the coordinate system. In
Cartesian coordinates the curl of A is easily found using

a, a, a,
|9 94 9
VXA= ox 3y 9z (3.53)
A, A, A
or
VXA= %_gél ax+ i’é‘._é_‘Ala
dy 0z 9z ax |’
9A aA (3.54)
de s
dx dy

By transforming eq. (3.54) using point and vector transformation techniques used in
Chapter 2, we obtain the curl of A in cylindrical coordinates as

a, pa; a,
a0
dp 0¢ Iz
Ap pA¢ AZ

1
VXA=-
o
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or

1 0A 0A dA JA
X — |22z T¢ 4 | =L — ==
vxa L’ d¢ 4z ]a” [ dz dp } A

3.55
IEILURRAAN 329
el dp |

and in spherical coordinates as

a, ra, rsinfa,
L o 8

P2sing |9r 80 3¢
A, rA; rsinfA,

VXA=

or

_ 1 [oAygsing) a_A,,}
VXA‘rmw[ a8 9 |
1{13& mmﬂ%+1ﬁmg_%ﬂ%

r sinO_GE— ar r or a0

(3.56)

Note the following properties of the curl:

The curl of a vector field is another vector field.

The curl of a scalar field V, V X V, makes no sense.

VXA+B) =VXA+VXB
VXAXB)=AKV-B)—-BV-A+B-VA-(A-V)B

. VX WVA) =VVXA+ VVXA

- The divergence of the curl of a vector field vanishes, thatis, V- (V X A) = 0.
. The curl of the gradient of a scalar field vanishes, thatis, V X VV = 0.

NS RwN

Other properties of the curl are in Appendix A.

The physical significance of the curl of a vector field is evident in eq. (3.45); the curl
provides the maximum value of the circulation of the field per unit area (or circulation
density) and indicates the direction along which this maximum value occurs. The curl of a
vector field A at a point P may be regarded as a measure of the circulation or how much the
field curls around P. For example, Figure 3.19(a) shows that the curl of a vector field
around P is directed out of the page. Figure 3.19(b) shows a vector field with zero curl.

— Figure 3.19 Tlustration of a curl: (a) curl at P points out
4 \ of the page; (b) curl at P is zero.
TR
5 4

e o

ve

(a) (b)
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Figure 3.20 Determining the sense of 4l
and dS involved in Stokes’s theorem.

L Closed Path L

Surface S

dl

Also, from the definition of the curl of A in eq. (3.45), we may expect that

wau:J(VXA)-dS (3.57)
L

N

This is called Stokes’s theorem.

The proof of Stokes’s theorem is similar to that of the divergence theorem. The surface
S is subdivided into a large number of cells as in Figure 3.21. If the kth cell has surface area
AS, and is bounded by path L,.

§A~d1=Ej€A-dl=2—k~——ASk (3.58)
L L ASi

a Figure 3.21 Hlustration of Stokes’s theorem.
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EXAMPLE 3.8

As shown in Figure 3.21, there is cancellation on every interior path, so the sum of the line
integrals around L,’s is the same as the line integral around the bounding curve L. There-
fore, taking the limit of the right-hand side of eq. (3.58) as AS; — 0 and incorporating
eq. (3.45) leads to

%A'dl=J’(VXA)-dS
L

N

which is Stokes’s theorem.

The direction of dl and dS in eq. (3.57) must be chosen using the right-hand rule or
right-handed screw rule. Using the right-hand rule, if we let the fingers point in the direc-
tion of d1, the thumb will indicate the direction of dS (see Fig. 3.20). Note that whereas the
divergence theorem relates a surface integral to a volume integral, Stokes’s theorem relates
a line integral (circulation) to a surface integral.

Determine the curl of the vector fields in Example 3.6.

Solution:

P oP
(a) V><P=<L__.x)>ax+<a_})ﬁ_ apz>ay+<ﬂ’z_%>az
dy 0z 0z ax dx dy
:(O—O)ax+(xzy—z)ay+(0—xzz)az

= (x*y — 2)a, — x’za,

- la_Q_z_%J [M_&J l[ 6Qp}
by VXQ [P(w 5 a, + P 30 a; + p 70 a,

— 1
= (—pésinqb —p2>ap + (O—O)a¢+;(3pz—pcos¢)az

|
= —; (zsin¢ + pS)ap + (3pz — cos ¢)a,

1 [a
< T = 9 .
() VXT rsinﬁ_aé)(Td’smo) ¢T0}
+1[ ! —a—T———(T)J +l[i T, —~6—T}
rlsingag " art ¥ |% T ar 10 = 55 Tr | 6
1 9 d
= sin0 ao(cosBsmO)—gg(rsmecosqb)}a
1] 1 i(cosﬁ)_ﬁ_
r[sin()ad) r? (rcosé)}ae
1149 _i(cos@)
+r[ (r* sin 0 cos ¢) YR }¢

1 1
= ———(cos 20 + rsin f sin ¢)a, + ~ (0 — cos H)a,
rsin 8 r
1 in @
+ ~<2rsin000s¢ + %) a,
r r

20 1
= <c0§ + sin d)) a, — corst‘) (2 cos ¢ + >smBa¢

rsin @
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PRACTICE EXERCISE 3.8

Determine the curl of the vector fields in Practice Exercise 3.6 and evaluate them at
the specified points.

Answer: (a) a, +ya, +(4y — Da, a, — 2a, — lla,
(b) —6pzcospa, + psinga, + (6z — )zcos ¢ a, Sa,

t 3
©) Eo—laqa,. - (ZCOtGSinqb + T)ao +2'sin 0 cos ¢ a,
r

r1/2
1.732 a, —45a; + 0.5 a,.

If A=pcos¢a, + sin ¢ a,, evaluate ¢ A - dl around the path shown in Figure 3.22.
Confirm this using Stokes’s theorem.

Solution:
Let

e[+ [+ o

a c

where path L has been divided into segments ab, bc, cd, and da as in Figure 3.22.
Along ab, p = 2 and dl = p d¢ a,. Hence,

o

b 30
J A-dl=J o sin ¢ d¢p = 2(—cos ¢)

a ¢ =60°

30°
=-(V3-1)

60°

y Figure 3.22 For Example 3.9.
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Along bc, ¢ = 30° and dl = dp a,. Hence,

5 21V3

2 4

c 5 2
JA-dl=J pcos¢dp=cos30°p—
b

2

p=2
Along cd, p = 5 and dl = p d¢ a,. Hence,

o

d 60
J A-dl=J p sin ¢ d¢p = 5(—cos ¢)

c ¢=30°

60° 5
=>(V3-1

30°

Along da, ¢ = 60° and dl1 = dp a,. Hence,

a 2 p2 2 21
A-dl = pcoseddp =cos60°—| = —
_ 2 s 4
d p=5
Putting all these together results in
21\/ 5V3 5 21
-V3+1+ —_— = - —
. 2 2 4

27
= 7(\/5 — 1) = 4941
Using Stokes’s theorem (because L is a closed path)

<1;A-dl=J(V><A)~dS
L

S
ButdS = pd¢ dp a, and

104, 04,
S

=0 — ®a, + (O—O)a¢+%(1 + p)sin g a,

04, aAz} 1 { a aA,,]
a¢': oz ap azp dp (o ¢) 96

Hence:

60° 5 1
f(VxA)-ds= J S(L+ p)siné pdp dé
N ¢ =30°

60°

J smq&dd)J (1 + p)dp
30°

0° 2\ |5
L65)
30° 2

T V3- 1 =404

—CoS ¢
2
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PRACTICE EXERCISE 39
Use Stokes’s theorem to confirm your result in Practice Exercise 3.2.

Answer: 1.

For a vector field A, show explicitly that V- V X A = 0; that is, the divergence of the curl
of any vector field is zero.

Solution:

This vector identity along with the one in Practice Exercise 3.10 is very useful in EM. For
simplicity, assume that A is in Cartesian coordinates.

9 9 9

a
V-VXA=< KA 8). dx dy 9z
ax 3_)’ az Ax Ay Az

Il

Gesrae) (5500 (-5 (8- 59)
dx’ 3y’ az dy 0z dx 0z 0x ay
_ A,  0A, d [ 04, 4
() . )
_0A, oA, A PA 2A 9°A

dxdy 9dxdz Odydx dydz 0z ax 9z ay

=0
3%A 3*A,
because L= < and so on.
dx ay dy ox

PRACTICE EXERCISE  3.10

For a scalar field V, show that V. X VV = 0; that is, the curl of the gradient of any
scalar field vanishes.

Answer: - Proof.

3.8 LAPLACIAN OF A SCALAR

For practical reasons, it is expedient to introduce a single operator which is the composite
of gradient and divergence operators. This operator is known as the Laplacian.




'y
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Thus, in Cartesian coordinates,

Laplacian V= V- VV = V¥

ad ad 3 oV A% v
- _ax+_ay+—azH— et (3.59)
dx dy dz ax dy 0z
that is,
3V 9V 3V
V2V = — =t = (3.60)
dax ay 9z

Notice that the Laplacian of a scalar field is another scalar field.
The Laplacian of V in other coordinate systems can be obtained from eq. (3.60) by
transformation. In cylindrical coordinates,

1o/ av 1 9%v 9%
VWe=-—lp—|+5—F5+— 61
p dp <p 6p> p> 9¢® 87’ (3.6

and in spherical coordinates,

1 o[ ,0V 1 9 EXY 1 9%
V2v=——<2—)+ —<- 0-—)+————— 6
72 or\" or r¥sin 6 96 FY r*sin® @ a¢’ 362

A scalar field V is said to be harmonic in a given region if its Laplacian vanishes in
that region. In other words, if

VvV =0 (3.63)

is satisfied in the region, the solution for Vin eq. (3.63) is harmonic (it is of the form of sine
or cosine). Equation (3.63) is called Laplace’s equation. Solving this equation will be our
major task in Chapter 6.

We have only considered the Laplacian of a scalar. Since the Laplacian operator VZis
a scalar operator, it is also possible to define the Laplacian of a vector A. In this context,
VA should not be viewed as the divergence of the gradient of A, which makes no sense.
Rather, V?A is defined as the gradient of the divergence of A minus the curl of the curl of
A. That is,

VPA=V(V-A)— VX VXA (3.64)
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This equation can be applied in finding VA in any coordinate system. In the Cartesian
system (and only in that system), eq. (3.64) becomes

V’A = V’Aa, + VPAa, + VA (3.65)
Hy A

Find the Laplacian of the scalar fields of Example 3.3; that is,

(a) V= ¢ “sin 2xcoshy
(b) U = p’zcos 2¢
(¢) W = 10rsin® cos ¢

Solution:
The Laplacian in the Cartesian system can be found by taking the first derivative and later
the second derivative.

: V. 9tV 8tV
@ VV=—sS+—+—
0x dy a0z

0 _ d  _ .
= —(2¢ “cos 2xcosh y) + — (e” *cos 2x sinh y)
0x dy

d _
+ — (—e *sin 2x cosh y)
9z

~4e “sin 2x cosh y + ¢ “sin 2x cosh y + e~ *sin 2x cosh y
—2e *sin2x cosh y

19 ( aU 19’0 d°
(b) VU = — ( )+—2—+—g
p a ap ¢> 3z

1
= ——(2p 7 COS 2¢) — —54p2zcos2¢ +0
P dp 0

= 4zcos2¢ — 4zcos2¢
=0

2
(c) V’W= 139 <r2ﬂ> L L 9 (sm Oivz) L _aW

r? ar ar r*sin 6 99 a0 r2sin® 0 9¢>
1
= ——-(lOr sin® @ cos ¢) + —(10r sin 26 sin € cos ¢)
r? r? sinf 96
_ 107 sin® 6 cos ¢
r? sin® 6
20 sin® § cos ¢ N 20r cos 20 sin @ cos ¢
r r?sin @
10r sin 26 cos 6 cos ¢ 10 cos ¢
r?sin @ r
10 cos
= ~i:)—(15(2sin2(9 +2cos20 + 2cos’ 0 — 1)

10 10 cos ¢

(1 + 2cos28)
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PRACTICE EXERCISE - 3.11

Determine the Laplacian of the scalar fields of Practice Exercise 3.3, that is,

@@ U=x%+xz
(b) V=pzsin<i>-*-zzcosqu+p2
(c) f=cos08in¢lnr+r2¢
2 27 1 .
Answer: (a) 2y, (b) 4 + 2cos°¢p — —5cos2¢, (¢) —cosfsing(l —2Inr
1] r

cosec’ 0 1nr) + 6¢.

'3.9 CLASSIFICATION OF VECTOR FIELDS

A vector field is uniquely characterized by its divergence and curl. Neither the diver-
gence nor curl of a vector field is sufficient to completely describe the field. All vector
fields can be classified in terms of their vanishing or nonvanishing divergence or curl as
follows:

(@) V-A=0,VXA=0
®) V-A#0,VXA=0
©) V-A=0,VXA#0
d V-A#£0,VXA#0

Figure 3.23 illustrates typical fields in these four categories.

* e
} — | £
—— \ P A -
- ~
= Lty \+\ b A
— AN N { -
s
e oy ~ 7 P

(a) (b) © O]

Figure 3.23 Typical fields with vanishing and nonvanishing divergence or curl.
(a) A=ka, V-A=0,VXA=0,

(b) A=kr,V-A =3k VXA =0,

© A=kXr,V-A=0,VXA =2k,
@A=kXr+cer,V-A=3,VXA=2k
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Such a field has neither source nor sink of flux. From the divergence theorem,

§A~dS=fV-Adv=0 (3.66)

N v

Hence, flux lines of A entering any closed surface must also leave it. Examples of sole-
noidal fields are incompressible fluids, magnetic fields, and conduction current density
under steady state conditions. In general, the field of curl F (for any F) is purely solenoidal
because V- (V X F) =0, as shown in Example 3.10. Thus, a solenoidal field A can
always be expressed in terms of another vector F; that is,

if

A-dS=0 and F=VXA

v (3.67)
then 3(
S

That is, a curl-free vector is irrotational.’ From Stokes’s theorem

J(VXA)-dSz%A-dl=O (3.68)

N L

Thus in an irrotational field A, the circulation of A around a closed path is identically zero.
This implies that the line integral of A is independent of the chosen path. Therefore, an ir-
rotational field is also known as a conservative field. Examples of irrotational fields include
the electrostatic field and the gravitational field. In general, the field of gradient V (for any
scalar V) is purely irrotational since (see Practice Exercise 3.10)

VX (VW) =0 (3.69)

Thus, an irrotational field A can always be expressed in terms of a scalar field V; that is

if VXA=0

(3.70)
then fA-dl=0 and A=-VV
L

For this reason, A may be called a potential field and V the scalar potential of A. The neg-
ative sign in eq. (3.70) has been inserted for physical reasons that will become evident in
Chapter 4.

3In fact, curl was once known as rotation, and curl A is written as rot A in some textbooks. This is
one reason to use the term irrotational.
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EXAMPLE 3.12

A vector A is uniquely prescribed within a region by its divergence and its curl. If we
let

V-A=p, (3.71a)
and
VXA =pg (3.71b)

p, can be regarded as the source density of A and py its circulation density. Any vector A
satisfying eq. (3.71) with both p, and pg vanishing at infinity can be written as the sum of
two vectors: one irrotational (zero curl), the other solenoidal (zero divergence). This is
called Helmholtz’s theorem. Thus we may write

A=-VW+ VXB (3.72)

If welet A; = ~VVand A, = V X B, it is evident from Example 3.10 and Practice Exer-
cise 3.10 that V X A; = O and V X A = 0, showing that A, is irrotational and A is sole-
noidal. Finally, it is evident from eqs. (3.64) and (3.71) that any vector field has a Lapla-
cian that satisfies

VA = Vp, — V X pg (3.73)

Show that the vector field A is conservative if A possesses one of these two properties:

(a) The line integral of the tangential component of A along a path extending from a point
P to a point @ is independent of the path.

(b) The line integral of the tangential component of A around any closed path is zero.

Solution:
(a) If A is conservative, V X A = 0, so there exists a potential V such that

aV A% oV
=-w=-|"a +Za +Za,

dx ay 7 dz
Hence,
Q 0 Y
A-dl= -——dy+—dz
P P
Q[anx avdy anz}d
= — | ds
. Loxds  dy ds dz ds
Q
dV
S Ly —j av
P ds P
or

Q
J A -dl = V(P) — V(Q)

bl
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showing that the line integral depends only on the end points of the curve. Thus, for a con-

Q
servative field, J A - dlis simply the difference in potential at the end points.
P

(b) If the path is closed, that is, if P and Q coincide, then

%Adlz VIP)—v(P)=20

PRACTICE EXERCISE  3.12

Show that B = (y + zcos xz)a, + xa, + x cos xz a, is conservative, without comput-
ing any integrals.

Answer: - Proof.

1. The differential displacements in the Cartesian, cylindrical, and spherical systems are
respectively

dl =dxa, +dya, + dza,
di=dpa, + pdpay + dza,
dl=dra, + rdfa, + rsinf de a,

Note that dl is always taken to be in the positive direction; the direction of the dis-
placement is taken care of by the limits of integration.
2. The differential normal areas in the three systems are respectively

dS =dydza,
dx dz a,
dxdya,

dS = pdg dza,
dp dza¢
pdpdoa,

dS = r’sin 0 df d¢ a,
rsin 0 dr do ag
rdrdf a,

Note that dS can be in the positive or negative direction depending on the surface
under consideration.

3. The differential volumes in the three systems are

dv = dx dy dz
dv
dv

pdpdo dz
r2 sin 0 dr d6 do
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4.

5.

10.

11.
12.

13.

The line integral of vector A along a path L is given by [; A - d1. If the path is closed,
the line integral becomes the circulation of A around L; that is, ¢, A - dl.

The flux or surface integral of a vector A across a surface S is defined as [¢A - dS.
When the surface § is closed, the surface integral becomes the net outward flux of A
across S; that is, § A - dS.

. The volume integral of a scalar p, over a volume v is defined as [, p, dv.
. Vector differentiation is performed using the vector differential operator V. The gradi-

ent of a scalar field V is denoted by VV, the divergence of a vector field A by V - A, the
curl of A by V X A, and the Laplacian of V by V?V.

. The divergence theorem, ¢, A - dS = J, V- Ady, relates a surface integral over a

closed surface to a volume integral.

. Stokes’s theorem, ¢, A - dl = [5(V X A) - dS, relates a line integral over a closed

path to a surface integral.

If Laplace’s equation, V>V = 0, is satisfied by a scalar field V in a given region, V is
said to be harmonic in that region.

A vector field is solenoidal if V- A = 0; itis irrotational or conservative if V XA = 0.
A summary of the vector calculus operations in the three coordinate systems is pro-
vided on the inside back cover of the text.

The vector identities V- V X A = 0 and V X VV = 0 are very useful in EM. Other
vector identities are in Appendix A.10.
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3.2

Consider the differential volume of Figure 3.24. Match the items in the left column with
those in the right column.

(a) dl fromA to B (i) dydza,
(b) dlfromAtoD (i) —dxdza,
(c) dlfromAto E (iii) dxdya,
(d) dS for face ABCD (iv) —dxdya,
(e) dS for face AEHD (v) dxa,

(f) dS for face DCGH (vi) dya,

(g) dS for face ABFE (vii) dza,

For the differential volume in Figure 3.25, match the items in the left list with those in the
right list.

(a) dlfromEto A (i) -—pdddza,
(b) dlfromBto A (i) —dpdza,
(c) dlfromDto A (iii) —pdpdo a,
(d) dS for face ABCD (iv) pdpdoa,
(e) dS for face AEHD (v) dpa,

(f) dS for face ABFE (vi) pdoay

(g) dS for face DCGH (vii) dz a,




ay

3.3

34

3.5

n
e d Nty

F

Review QuEsTIONs & 91

Figure 3.24 For Review Question 3.1.

dz

A differential volume in spherical coordinates is shown in Figure 3.26. For the volume
element, match the items in the left column with those in the right column.

(a) dlfromAtoD
(b) dlfromEto A
(¢) dlfromAtoB
(d) dS for face EFGH
(e) dS for face AEHD
(f) dS for face ABFE

(i) —r’sinfdfdoa,
(i) —rsinfdrdd a,
(iii) rdrdf a,

@iv) dra,

v) rdfay

(vi) rsin0de a,

Ifr = xa, + ya, + za,, the position vector of point (x, y, z) and r = |r|, which of the fol-

lowing is incorrect?
(@) Vr=r/r

) V-r=1

© Vir'r=6
d VXr=0

Which of the following is a meaningless combination?

(a) graddiv
(b) div curl
(c) curl grad
(d) curl grad
(e) div curl

F  Figure 3.25 For Review Question 3.2.
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F Figure 3.26 For Review Question 3.3 (and also

E for Practice Exercise 3.1).
A rd6
G
D rsind d¢
ae\/ 4, dr C
\ a,
3.6 Which of the following is zero?

3.7

3.8

3.9

3.10

(a) grad div
(b) div grad
(c) curl grad
(d) curl curl

Given field A = 3x’yza, + x’za, + (x’y — 27)a,, it can be said that A is

(a) Harmonic

(b) Divergenceless
(c) Solenoidal

(d) Rotational

(e) Conservative

The surface current density J in a rectangular waveguide is plotted in Figure 3.27. It is
evident from the figure that J diverges at the top wall of the guide whereas it is diver-
genceless at the side wall.

(a) True

(b) False

Stokes’s theorem is applicable only when a closed path exists and the vector field and its
derivatives are continuous within the path.

(a) True

(b) False

(c) Not necessarily

If a vector field Q is solenoidal, which of these is true?
(@ ¢,Q-dl=0

(®) $,Q-dS=0

) VXQ=0

d VXQ#0

(e) V’Q =0




PROBLEMS I

ProBLEMs B 93

\\\\\\ )é_:\\\i&\\ )/;/—: Figure 3.27 For Review Question 3.8,

(INSTONS:

Answers: 3.1a-(vi), b-(vii), c-(v), d-(i), e-(ii), f-(iv), g-(iii), 3.2a-(vi), b-(v), c-(vii), d-(ii),

3.2

3.3

34

3.5

3.6

e-(i), f-(iv), g-(iii), 3.3a-(v), b-(vi), c-(iv), d-(iii), e-(i), f-(ii), 3.4b, 3.5¢, 3.6¢,
3.7e, 3.8a, 3.9a, 3.10b.

Using the differential length dl, find the length of each of the following curves:

@ p =3, w4 < ¢ < w2,z = constant
b)) r=1,0=30°0<¢ <60°
() r=4,30° < 8 <90° ¢ = constant

Calculate the areas of the following surfaces using the differential surface area dS:

(@ p=20<z<513<¢d<al2
b)z=1,1<p<3,0<¢ <n/4

© r=10,7/4<6<2%/3,0< ¢ <27
(d) 0<r<4,60° <0 <90° ¢ = constant

Use the differential volume dv to determine the volumes of the following regions:

(@ 0<x<1,l<y<2,-3<z<3
b 2<p<5,nB3<op<7,-1<z<4
© 1<r<3,7aR2<§<2/3, 76 < ¢ <7/2

Given that p, = x* + xy, calculate f¢p,dS over the region y < 0<x<1.

Given that H = x%a, + yzay, evaluate j H - d1, where L is along the curve y = x” from

L
0,0 to (1, 1).

Find the volume cut from the sphere radius r = a by the cone § = «. Calculate the
volume when « = /3 and @ = 7/2.
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3.7

3.8
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3.10

il

3.12

If the integral j ’ F - dl is regarded as the work done in moving a particle from A to B,
find the work d(;‘ne by the force field
F=2xya, + (> —z)a, — 3x°a,

on a particle that travels from A(0, 0, 0) to B(2, 1, 3) along
(a) The segment (0,0,0)—> (0, 1,0)>2,1,0)>(2,1,3)
(b) The straight line (0, 0, 0) to (2, 1, 3)
If

H = (x — ya, + "+ zy)a, + 5yza,

evaluate [ H - dl along the contour of Figure 3.28.

If V= (x + y)z, evaluate % V dS, where § is the surface of the cylindrical wedge defined

by <o <a/2,0<z< iand dS is normal to that surface.

Let A = 2xya, + xza, — ya,. Evaluate | A dv over:

(a) arectangularregion0 =x=20=<y=20=z=<2

(b) acylindrical regionp =3,0=z=<5

(c) aspherical regionr < 4

The acceleration of a particle is given by a = 2.4a, m/s°. The initial position of the
particle is r = (0, 0, 0), while its initial velocity is v = —2a, + 5a, m/s. (a) Find the
position of the particle at time ¢ = 1. (b) Determine the velocity of the particle as a func-
tion of ¢.

Find the gradient of the these scalar fields:

(@) U = 4xz* + 3yz
(b) W = 2p(z> + 1) cos ¢
(c) H= r? cos 0 cos ¢

Figure 3.28 For Problem 3.8.
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3.13 Determine the gradient of the following fields and compute its value at the specified point.

(@ V=" cos 5z, (0.1, —0.2, 0.4)
() T = 5pe Zsin ¢, (2, 7/3, 0)

© =052 (26, w2
r

3.14 Determine the unit vector normal to S(x, y, z) = x* + y* — zatpoint (1, 3, 0).

3.15 The temperature in an auditorium is given by T = x> + y* — z. A mosquito located at
(1, 1, 2) in the auditorium desires to fly in such a direction that it will get warm as soon as
possible. In what direction must it fly?

3.16 Find the divergence and curl of the following vectors:

(& A =¢e%a, +sinxya, + cos’ xz a,
(b) B = pz’cos ¢ a, + zsin’ d a,

1
) C= rcos6a,—7sin0a9+2rzsin03¢

3.17 Evaluate VX Aand V- V X A if:

(@) A = x’ya, + y’za, — 2xza,
(b) A = p*za, + p’a, + 3pz’a,
sin ¢ cos ¢

a, —
2
r2 2

(c) A=

3.18 The heat flow vector H = kVT, where T is the temperature and £ is the thermal conduc-
tivity. Show that where

T=150 sinﬂcosh%y

then V-H = 0.
3.19 (a) Prove that
V-(VA)=VV-A+A-VV
where V is a scalar field and A is a vector field.
(b) Evaluate V- (VA) when A = 2xa, + 3ya, — 4za and V = xyz.
3.20 (a) Verify that
VX (VA) =WV XA+ VV X A

where V and A are scalar and vector fields, respectively.

. 1
(b) Evaluate V X (VA)whenV = —and A = rcosf a, + rsinf a; + sin 0 cos ¢ a,.
r

3.21 If U = xz — x% + y?2 evaluate div grad U.
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3.22 Show that Vinp = V X ¢a,.

Vo
3.23 Prove that Vé = V X (r, )
sin 6

3.24 Evaluate VV, V- VV,and V X VVif:

(a) V= 3x2y + xz
(b) V= pzcos ¢
(©) V = 4r%cos 8 sin ¢

3.25 Ifr = xa, + ya, + za,and T = 2zya, + xyzay + x*yza,, determine
(@ (V- T
) - VT
© V-r(r-T)
@ @ vy

3.26 Ifr = xa, + ya, + za, is the position vector of point (x, y, z), r = |r|, and n is an integer,
show that:

@ V-r'r=m+3)r"
® VXr'r=20

3.27 If r and r are as defined in the previous problem, prove that:

@) V(nr :;

) V:(nr = iz
-

3.28 For each of the following scalar fields, find V*V
(@ Vi=x+y +2°
(b) V,= pz°sin 2¢
(¢) V3 =r*1 + cosfsin ¢)

3.29 Find the Laplacian of the following scalar fields and compute the value at the specified
point.
(@) U=xy% (1, -1,1)
(b) V = p’z(cos ¢ + sin @), (5, 7/6, —2)
(c) W= e "sinfcos ¢, (1, w/3, n/6)

330 If V= x*y’and A = x’ya, + x2° a, — y*2° a,, find: (a) V?V, (b) V?A, (c) grad div A,
(d) curl curl A.
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y Figure 3.29 For Problem 3.31.

#3,31 Giventhat F = x’ya, — ya,, find
y

(a) giL F - dl where L is shown in Figure 3.29.
(b) [5(V X F) - dS where S is the area bounded by L.
(c) Is Stokes’s theorem satisfied?

332 LetD = 2pz2ap + p cos? ¢a,. Evaluate
(@) §;D-dS
®) [, V-Ddv

over the region definedby0 = p =5, -1 =7= 1,0 < ¢ < 2.

333 IfF = x’a, + y’a, + (2> — D) a,, find jﬁ F - dS, where S is defined by p = 2,0 < z <

2.0 < ¢ = 2r. s

3.34 (a) Giventhat A = xya, + yza, + xza, evaluate §¢ A - dS, where § is the surface of the
cubedefinedby0 =x=1,0<y=<1,0=z=<1.

(b) Repeat part (a) if S remains the same but A = yza, + xza, + xya,.

3.35 Verify the divergence theorem

j(A-,dS=fV'Adv
S v

for each of the following cases:

(a) A = xy’a, + y’a, + y°za, and S is the surface of the cuboid defined by 0 < x < 1,
0<y<1,0<z<]l

(b) A = 2pza, + 3zsin ¢ a;, — 4p cos ¢ a, and Sis the surface of the wedge 0 < p < 2,
0<¢<45°,0<z<5

() A = r%, + rsin 0 cos ¢ a, and S is the surface of a quarter of a sphere defined by
0<r<3,0<o<x2,0<0<7/2.







